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Topological lasers are of growing interest as a way to
achieve disorder-robust single mode lasing using ar-
rays of coupled resonators. We study lasing in a two-
dimensional coupled resonator lattice exhibiting transi-
tions between trivial and topological phases, which al-
lows us to systematically characterize the lasing modes
throughout a topological phase. We show that, unlike
conventional topological robustness that requires a suf-
ficiently large bulk band gap, bifurcations in topolog-
ical edge mode lasing can occur even when the band
gap is maximized. We show that linear mode bifurca-
tions from single mode to multi-mode lasing can occur
deepwithin the topological phase, sensitive to both the
pump shape and lattice geometry. We suggest ways to
suppress these bifurcations and preserve single edge
mode lasing. © 2020 Optical Society of America
http://dx.doi.org/10.1364/ao.XX.XXXXXX
Topological photonics is a rapidly growing research field
based on controlling the flow of light using concepts from con-
densedmatter physics [1]. A key idea is that energy bands with
non-trivial topological invariants give rise to families of spe-
cial edge modes in band gaps. The edge modes are protected
against backscattering due to certain classes of disorder, which
can help us to achieve disorder-immune waveguiding and ma-
nipulation of light. There is growing interest in topological
lasers based on adding gain to topological photonic systems to
make their protected edge modes lase [2–4]. Recent demonstra-
tions of topological lasers have used either photonic crystals [5–
8] or photonic lattices of weakly coupled resonators [9–13]. Our
focus here is on the latter.
Photonic lattice-based topological lasers can be further
divided into two classes: one-dimensional (1D) and two-
dimensional (2D). 1D experiments were based on the Su-
Schrieffer-Heeger model hosting mid-gap edge modes local-
ized to one of its two sublattices, which spontaneously break
the model’s sublattice symmetry [9–11]. When gain is applied
by pumping a single sublattice, only the edge modes are am-
plified, while the bulk modes which are distributed over both
sublattices do not lase. As the pump strength is increased the
bulk band gap narrows, and eventually closes, accompanied by
the emergence of multi-mode lasing of the bulk modes [14, 15].
2D experiments and theory have been largely based on the
Harper-Hofstadter model, which describes a lattice with inho-
mogeneous nearest neighbor hopping phases [13, 16]. It hosts a
family of edge modes which traverse the bulk band gap, wrap
around the entire edge of the lattice, and can be made to lase by
localizing the pump to the lattice edge. However, the dynamics
can be quite complicated due to competition between multiple
edge states with similar gain, leading to peculiar spatial and
temporal coherence properties [17, 18]. For example, irregular
pulsating dynamics emerge in class B laser models of these lat-
tices [19]. Systematic studies of the laser performance within
the topological phase remain limited. For example, should one
maximize the size of the topological band gap to achieve the
most robust singlemode lasing, as suggested in Ref. [12]? Or do
other non-topological effects play a more important role, such
as the shape of the lattice boundary or pump profile?
The aim of this Letter is to address these questions by study-
ing a Haldane-like model of a tunable topological resonator
lattice [20, 21]. This is perhaps the simplest example of a
two-dimensional topological lattice, because it exhibits a sin-
gle bandgap that can be either topologically trivial or non-
trivial, depending on the frequency detuning of its two sublat-
tices. We find that even in the linear limit close to the lasing
threshold, transitions in the lasingmodes can occur deepwithin
the topological phase, unaccompanied by any bulk topological
transition. For example, beyond a critical sublattice detuning,
midgap single mode lasing is replaced by lasing of two modes
with frequency detunings ±ω with respect to the middle of the
band gap. These transitions arise due to the interplay between
the pump and edge mode profiles; localizing the pump to the
edge can suppress the lasing of bulk modes, but generally fur-
ther fine-tuning is generally required to enforce lasing in a sin-
gle edge mode. We validate our linear mode analysis with time
domain simulations of a class A laser model, and suggest strate-
gies to enforce single edge mode lasing.
We consider a recently-demonstrated ring resonator lattice
with tunable topological properties [20, 21]. Its unit cell is
shown in Fig. 1(a), consisting of two sublattices (a, b) whose res-
onant frequencies can be independently tuned. Each resonator
is coupled to its nearest neighbors (shown with diagonal lines)
as well as next-nearest neighbors (horizontal and vertical lines).
Coupling is mediated by anti-resonant link rings, resulting in
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Fig. 1. (a) Unit cell of the lattice, consisting of two sublat-
tices indicated with blue and red discs. Each sublattice con-
nect the nearest and the next nearest node with hopping
strength J. The hopping phase between the two sublattices
is φ = ±pi/4. The two sublattices have loss γ, pump rates
Pa,x,y and Pb,x,y, and detunings ±M with respect to a reference
frequency. (b) Phase diagram of the Bloch band structure of
the linear tight binding Hamiltonian with symmetric gain/loss
(Pa,x,y = 2γ, Pb,x,y = 0), as a function of detuning and γ. Color
indicates the real part of the gap, i.e. the difference between
lowest frequency of the upper band and the highest frequency
of the lower band. (c-e) Bloch band structures for M = 0 and
γ = 0.1J (c), 2.5J (d) and 3.5J (e).
the same nearest and next-nearest neighbor coupling strengths,
as well as a direction-dependent hopping phase for the near-
est neighbor coupling. Considering a single circulation direc-
tion within the resonant rings (anti-clockwise), and assuming
negligible backscattering between clockwise and anit-clockwise
modes, the linear optical field dynamics in this lattice are well-
approximated by the tight binding Hamiltonian
Hˆ = ∑
x,y
(Hˆa + Hˆb + Hˆab + Hˆ
†
ab), (1)
Hˆa = aˆ
†
x,y
(
(M + iPa,x,y − iγ)aˆx,y + J ∑
±
aˆx,y±1
)
,
Hˆb = bˆ
†
x,y
(
(−M + iPb,x,y − iγ)bˆx,y + J ∑
±
bˆx±1,y
)
,
Hˆab = Je
ipi/4
(
aˆ†x,y(bˆx,y + bˆx+1,y+1) + bˆ
†
x,y(aˆx−1,y + aˆx,y−1)
)
,
where aˆ†x,y(aˆx,y) and bˆ
†
x,y(bˆx,y) are photon creation (annihilation)
operators for the a and b sublattice sites in unit cell (x, y), J is the
coupling strength, M is the sublattice detuning, Pψ,x,y is the nor-
malized local pump rate, and γ accounts for scattering losses.
As Hˆ is non-Hermitian, its eigenvalues ω are in general com-
plex, with the real and imaginary parts describing the modal
frequenies and small signal gain, respectively. We use a class A
laser model to describe the saturation of gain at high intensities,
such that classical optical field amplitudes evolve according to
i∂tψx,y =
(
Hˆ −
iPψ,x,y|ψx,y|
2/Isat
1+ |ψx,y|2/Isat
)
ψx,y, ψ = a, b (2)
where Isat is the saturation intensity, which we normalize to 1
without loss of generality. We will start by analyzing Eq. (2) in
the linear limit, which describes the initial build up of the lasing
modes before the onset of gain saturation.
First we consider a bulk pumping configuration similar to
that previously used for the Su-Schrieffer-Heeger model [9–
11, 14, 15], where all sites belonging to one sublattice are
pumped and we assign an equal amount of loss to the other
sublattice, i.e. setting Pa,x,y = 2γ and Pb,x,y = 0. We compute
the bulk spectrum by Fourier transforming the tight binding
Hamiltonian into momentum k = (kx , ky) space, yielding the
Bloch Hamiltonian
Hˆ(k) =

 Ha Hab
H∗ab Hb

 , (3)
Ha = 2J cos ky + M + iγ,
Hb = 2J cos kx − M − iγ,
Hab = Je
ipi/4(1+ ei(kx+ky)) + Je−ipi/4(eikx + eiky).
The eigenvalues of Hˆ(k) are ω±(k) and form two bands, which
are classified in Fig. 1(b) as a function of the gain/loss contrast
γ and the sublattice detuning M. Increasing the gain/loss con-
trast induces a narrowing of the real part of bulk band gap,
i.e. mink(Re[ω+])−maxk(Re[ω−]). At strong pump rates the
coupling J becomes negligible and the modes of each band are
strongly localized to a single sublattice, corresponding to a gap
in the imaginary part of the eigenvalue spectrum. If the lattice
is initially in the topological phase (M < 2J), at moderate pump
rates there is an intermediate phase in which both the real and
imaginary parts of the energy eigenvalues are gapless, exhibit-
ing non-Hermitian degeneracies at critical momenta, similar to
the Su-Schrieffer-Heeger model [14, 15].
Representative examples of the band structures in the differ-
ent phases are shown in Fig. 1(c-e), revealing that the dominant
modes, i.e. those with the highest linear gain, are insensitive
to the opening and closing of the band gap and always occur
at the X points k = (0,pi) and (pi, 0), where Hab = 0. More
generally in two-dimensional topological models, regardless of
sublattice polarization of a uniform pump there will always be
some bulk Blochmodes which overlap perfectly with the pump
and have the highest gain. Thus, additional spatial structuring
of the pump profile is necessary to achieve edge mode lasing.
Next, we consider the spectrum of moderately-sized finite
lattices where only the edge resonators are pumped, which can
support either bulk or edge mode lasing, i.e. Pa/b,x¯,y¯ = Pedge,
where x¯, y¯ denote edge sites. Two different edge configura-
tions are of interest: the edges can be terminated always with
elements of the same sublattice (a or b), or such that the C4
discrete rotational symmetry of the lattice is preserved, corre-
sponding to the horizontal edges being terminated with a sites,
and the vertical edges with b sites. In this work, we focus on
the latter case shown in Fig. 2(a), as the single sublattice termi-
nation typically exhibits strong competition between bulk and
non-topological corner modes.
We identify the dominant lasing mode as the eigenmode
whose imaginary part of its eigenvalue is largest. To charac-
terize this dominant lasing mode as a function of the detuning
and pump rate in Figs 2(b,c), we use the participation number
N,
N = ∑
x,y
(|ax,y|
4 + |bx,y|
4), (4)
which measures the degree of localization of the mode, and the
modal frequency ω. The frequency can be either in the bulk
Letter Optics Letters 3
Fig. 2. (a) Edge-pumped 4x4 C4-symmetric lattice. Only the
sites in the yellow highlighted region are pumped. (b,c) Par-
ticipation number (b) and frequency (c) of the dominant mode
with the largest gain as a function of detuning and pump rate,
for a 12x12 C4 symmetric lattice under edge pumping. Differ-
ent lasing regimes are shown; TS: topological edge mode las-
ing with single dominant mode. TT: two mode topological
edge state lasing. TD: topological edge modes starting to delo-
calize into the bulk. NE: non-topological (trivial) edge modes.
(d) Frequency bifurcations of the the dominant mode as a func-
tion of detuning M, for pump rates Pedge = 0.5J and 2J.
band gap (when it exists), or overlapping with bulk modes,
which helps to distinguish between bulk and edge lasing in the
small, experimentally-feasible system we consider, where the
distinction between bulk, edge, and corner modes may not be
sharp.
For small pump rates and detuning, topological edgemodes
have the highest gain [region marked TS in Fig. 2(b,c)]. A rep-
resentative mode profile in this region is shown in Fig. 3(a). As
the detuning increases, these modes gradually delocalize and
penetrate into the bulk [TD, Fig. 3(c)], corresponding to a low
participation number. Interestingly, this delocalization starts to
occur even before the bulk topological transition at M = 2, due
to the lasingmodes’ frequency approaching the bulk band edge,
which results in a continuous increase of N.
For small pump rates, above M = 2 (just within the triv-
ial phase) non-topological edge modes lase first [NE, Fig. 3(d)].
These trivial edge states can be regarded as remnants of the
topological ones, which emerge because the edge itself acts as
defect: bulk sites are each coupled to 6 neighbours, while edge
sites are only coupled to 3 neighbours. The trivial states are lo-
calized to either the horizontal or vertical edges and are unable
to circulate around the entire edge. At even higher detunings
bulk modes become dominant [Fig. 3(e)].
When both detuning and pump rate are high, the dominant
modes are confined to the corners, corresponding to the max-
imal participation number [Fig. 3(f)]. These corner states are
localized by the gain, with the detuning M primarily affect-
ing their frequency. Note that although Figs. 3(b) and (f) ex-
hibit qualitatively similarmodal profiles, the modes have differ-
ent frequencies; the former corresponds to a topological edge
mode residing in the bulk band gap, whereas the latter has a
frequency overlapping with one of the bulk bands. In addition,
Fig. 3. Field intensity profiles of the dominant modes of the
edge-pumped C4-symmetric lattice in the different lasing
regimes indicated in Fig. 2.
the participation number N of the topological edge states in-
creases with the gain/loss contrast γ, whereas N saturates to a
γ-independent value for the corner modes.
Before merging into bulk modes, the dominant topological
edgemodes also exhibit frequency bifurcations. This bifurcated
region is shown with label TT in Figs. 2(b,c). In this regime,
two topological edge modes share the same maximum gain.
Fig. 2(d) shows the frequency of the dominant mode as a func-
tion of detuning for P = 0.5J and 2J. The dominant edge
mode at low detuning has zero frequency, while in the bifur-
cated regime, the frequency splits. Interestingly, this bifurca-
tion occurs close to the critical detuning where the bulk band
gap is maximized, corresponding to the strongest robustness of
the edge modes to disorder. Evidently, this protection against
disorder does not translate to protection of single edge mode
lasing. For moderate gain Pedge = 0.5J, above M = 2J, the tran-
sition to the bulk mode lasing is also apparent as a discontinuity
in the lasing frequency as a function of M.
We can understand this bifurcation by inspecting the lasing
mode profiles in Fig. 3. Before the bifurcation the modal profile
shown in Fig. 3(a) resides on both sublattices, experiencing net
gain along the entire edge. Small detunings M redistribute the
intensity between the sublattices while preserving the mid-gap
lasing frequency ω = 0. After the bifurcation, the lasing modes
become asymmetric, see e.g. Fig. 3(b). The positive ω mode
preferentially excites the a sublattice, resulting in net gain while
propagating along the top and bottom edges and net loss along
the left and right edges. The negative ω mode, preferentially lo-
calized to the b sublattice, exhibits the opposite behaviour. With
increasing pump rate and detuning these profiles continuously
evolve either into corner-like modes similar to Fig. 3(b) or they
delocalize into the bulk.
To verify the stability of the dominant lasing modes and the
ability to observe these bifurcations in experiment, we perform
numerical simulations of the full nonlinear equations of mo-
tion Eq. (2) using the 4th order Runge-Kutta method, initial-
izing the field at time t = 0 with random noise. Fig. 4(a,b)
shows the initial dynamics of the optical intensity at one edge
resonator, while Fig. 4(c) plots the field’s frequency spectrum
in the time interval [100/J, 200/J], after the initial transients
have diminished. At low detuning the intensity reaches a
steady state, with a single peak in its frequency spectrum cen-
tred at zero detuning. Approaching the onset of the bifurcation
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Fig. 4. (a) Intensity at a selected edge site as a function of time
for detunings M = 0, 0.6 and 1.5. (b) Zoomed-in intensity of
the M = 1.5 case. (c) Intensity of the Fourier transform of the
field amplitude at each lattice site, for various detunings. The
bulk band gap is shaded in blue. We have used an edge pump
rate Pedge = J and uniform losses γ = 0.5J.
(M = 0.6J), relaxation times get longer due to many modes
sharing the same gain, as shown in Fig. 4(a). Beyond this de-
tuning there is indeed a splitting of the frequency spectrum into
two distinct peaks, resulting in persistent intensity oscillations,
Fig. 4(b). These observations are all consistent with the above
analysis of the linear spectrum.
There are various ways one could suppress this bifurcation
and preserve single edge mode lasing. First, the bifurcation
emerges as a transition from net gain along the entire edge, to
net gain only in localized regions. Therefore, one of the modes
can be suppressed by pumping only one pair of edges, at the
expense of increasing the lasing threshold. Alternatively, one
could consider spatial modulation of the sublattice detuning M,
keeping M small at the edge sites to maintain strong overlap
between the edge mode and the pumped sublattice, and using
larger values of M in the bulk to maximize the band gap and
more strongly localize the topological modes to the edge, reduc-
ing the lasing threshold. Finally, for sufficiently large detunings
M a narrow band gain medium may be sufficient to isolate one
of the modes.
In summary, we have analyzed the lasing modes of a tun-
able two-dimensional topological resonator lattice, focusing on
the effects of a frequency detuning between its two sublattices
and the pump strength on the lattice’s dominant lasing modes,
which can vary from edgemodes to bulk and corner modes. We
have found that the increasing the frequency detuning first in-
duces a bifurcation of the topological edge states from single
to two mode lasing, before eventually they shift into resonance
with bulk modes and delocalize. Thus, even in the topologi-
cal phase, the topological edge state lasing can exhibit bifurca-
tions between single mode lasing (at the middle of the band
gap) and two mode lasing (at frequencies symmetric about the
gap center), resulting from the interplay between the sublattice
detuning and the pumping profile. Simulations of a class A
laser model close to its lasing threshold are consistent with our
analysis of the system’s linear modes.
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